Owing to their simplicity and ease of application, seismic scaling relations are widely used to determine the properties of stars exhibiting solar-like oscillations, such as solar twins and red giants. So far, no seismic scaling relations for determining the ages of red giant stars have been developed. Such relations would be desirable for galactic archaeology, which uses stellar ages to map the history of the Milky Way. The ages of red giants must instead be estimated with reference to grids of theoretical stellar models, which can be computationally intensive. Here I present an exhaustive search for scaling age relations involving different combinations of observable quantities. The candidate scaling relations are calibrated and tested using more than 1,000 red giant stars whose ages were obtained via grid-based modeling. I report multiple high-quality scaling relations for red giant branch stars, the best of which are shown to be approximately as accurate as grid-based modeling with typical uncertainties of 15%. Additionally, I present new scaling mass and radius relations for red giants as well.
INTRODUCTION
Cool stars like the Sun are observed to oscillate in a superposition of many small-amplitude radial and non-radial modes. The frequencies of these modes depend on the characteristics of the star, such as its mass and chemical composition (e.g., Aerts et al. 2010) . Consequently, asteroseismic measurements yield inferences on the global and internal properties of stars. The ages of these stars can furthermore be estimated by interpreting the oscillation data with reference to theoretical models of stellar evolution, assuming the models are approximately correct (e.g., Basu & Chaplin 2017) .
Stars continue to exhibit solar-like oscillations even after leaving the main sequence and ascending the red giant branch (RGB; e.g., Hekker & Christensen-Dalsgaard 2017) . Thanks to the spacebased asteroseismic surveys such as CoRoT (Baglin 2003) , Kepler (Borucki et al. 2010 ), K2 (Howell et al. 2014) , and now TESS (Ricker et al. 2015) , high-precision seismic data have been delivered for many thousands of giant stars (e.g., Yu et al. 2018) . Asteroseismic age dating of these stars has given birth to the field of galactic archaeology, which aims to uncover the history of the Milky Way by study of its stellar constituents (e.g., Miglio et al. 2013) . The forthcoming PLATO (Miglio et al. 2017) and WFIRST (Gould et al. 2015) missions furthermore promise to deliver ordersof-magnitude more asteroseismic observations, creating the need for fast and robust methods for processing the anticipated data yield.
The interpretation of asteroseismic data has been greatly aided by the use of so-called scaling relations (e.g., Ulrich 1986; Brown E-mail: bellinger@phys.au.dk et al. 1991; Kjeldsen & Bedding 1995; Stello et al. 2008; Guggenberger et al. 2016) . These relations estimate the properties of a star, such as its mass or radius, by scaling from reference values, which are generally chosen to be properties of the Sun. Scaling relations are widely used because they are accurate and precise (e.g., Zinn et al. 2019) while mitigating the need for complex algorithms for interpreting asteroseismic data with reference to grids of theoretical stellar models. Given that red giants follow an age-mass relation (e.g., Miglio 2012) , it follows that a scaling relation for red giant ages should exist as well. In a previous paper I have introduced a scaling relation for estimating the ages of main-sequence stars (Bellinger 2019, hereinafter Paper I). In this work I aim to develop a similar relation for red giant stars.
The reason for separate scaling relations for stellar age is that the seismic signature of age is different for stars on the main sequence and on the RGB. The age of a main-sequence star is linked to the amount of hydrogen in its core, which is probed by the small frequency separation. Stars on the RGB are void of hydrogen in their cores and undergo no fusion there; thus, the small separation is not useful for measuring their ages.
DATA
The data set for this study consists of 1,143 red giant stars that were observed during the nominal Kepler mission and spectroscopically observed by APOGEE (Huber et al. 2009; Majewski et al. 2017; Pinsonneault et al. 2018) . It represents a gold sample of stars whose measurements were of high enough quality to extract g-mode period spacings (Vrard et al. 2016 ). The ages, masses and radii of these stars Notes. The number of significant figures reflect the typical precision of each given measurement type. Solar values are given for comparison. References: were estimated using grid-based modeling with BASTA (BAyesian STellar Algorithm; Silva Aguirre et al. 2015 Aguirre et al. , 2017 Aguirre et al. , 2018 . Their positions in the Hertzsprung-Russell diagram are shown in Figure 1 . The parameter ranges of the stars are tabulated in Table 1 .
In order to account for potential systematic errors in the metallicity measurements, which are reported with uncertainties smaller than 0.05 dex, I have perturbed all [Fe/H] measurements by adding Gaussian noise with a standard deviation of 0.05 dex. This did not make a substantial difference to the final results.
Note that all of the stars considered here are on the RGB, i.e., none are clump stars. Thus, stars should first be classified as being RGB stars (e.g., Elsworth et al. 2019 ) with values within the ranges of Table 1 before using the presented relations.
METHODS

I consider scaling relations for stellar age of the form
where τ refers to the age of the star, ν max is the frequency at maximum power, ∆ν is the large frequency separation, T eff is the effective temperature, and [Fe/H] is the metallicity. Quantities subscripted with r are reference values used for nondimensionalization, which in each case I take to be the median of the observed values (see Table 1 ). Though it is customary to use solar values as reference, there is no reason why the ages of red giant stars should be tied to the age of the Sun. Note that [Fe/H] requires no reference value.
The task is now to determine the optimal exponents P = [α, β, γ, δ] for predicting τ, and also to consider relations in which subsets of these exponents are zero. By log-transforming both sides, this becomes an ordinary least squares problem without an intercept term. However, since the logarithms of ∆ν and ν max are collinear (Stello et al. 2009 ), the stability of the solution is improved when a penalty is applied to the magnitude of the solution (Hoerl & Kennard 1970) . This is the ridge regression problem of Tikhonov (1943) . Thus to find the optimal P we minimize
whereτ(P) is the scaling value from Equation 1 for a given set of exponents P; τ i is the age of the ith star as estimated via grid-based modeling; σ i is the uncertainty on that estimate; and λ is the ridge penalty, the value of which is chosen by 10-fold cross validation (e.g., Friedman et al. 2001) . Note that only the uncertainties in age are considered, because despite the resulting attenuation of P, this gives the best exponents for predicting ages (e.g., Ammann & Ness 1989). This procedure is then repeated for the 15 nonempty subsets (combinations of parameters) of P. Scaling relations involving the period spacing ∆Π were also tested, but they were not found to improve the estimates. Finally, scaling relations for mass and radius are also sought.
RESULTS & CONCLUSIONS
The discovered exponents for the scaling age relations are listed in Table 2 . The quality of each relation can be assessed via the crossvalidated coefficient of determination r 2 between the scaling and grid-based age. The best relation, which uses the full variable set (combination 1, r 2 = 0.99), is compared to the ages from grid-based modeling in the top left panel of Figure 2 . This relation is approximately as accurate as grid-based modeling, with differences of only about 7% on average, which is smaller than typical uncertainty. The purely seismic scaling age relation (combination 6) works to some extent, giving ages which are on average within 22% of the age from grid-based modeling. This opens the door to doing galactic archaeology from large-scale photometry missions even when spectroscopic follow-up is slow or infeasible. Relations with only ν max and spectroscopy (combinations 5 and 8) yield ages that are within 31% of the modeling age, which permits age estimates for stars measured with low frequency resolution. However, it must be cautioned that these two relations tend to overestimate the ages of young stars.
An important question is one of the systematic errors that arise from use of these relations. Although it would be possible to Table 2 . The variable set is indicated in each panel. Every scaling age estimate is made using 10-fold cross validation, i.e., 10% of the data are held out, the relation is calibrated on the other 90%, the relation is applied to the 10% of held out data to estimate their ages (which are then plotted), and this is repeated for all folds of 10%. report uncertainties in the estimated exponents, for example from bootstrapping, the values would be somewhat meaningless because the ridge regressor is a biased estimator. Instead, Table 2 provides the root mean square error for each relation. This value, denoted σ sys , should be added in quadrature to the random uncertainties obtained when applying each relation. Application of relation 1 gives a typical uncertainty of about 15% (see Figure 3) .
Calibrated scaling relations for mass and radius are shown in Tables 3 and 4. Note that as discussed in Section 3 these calibrated relations use the median values for reference rather than solar values. Generally the classical scaling relations are recovered with small corrections as expected and work extremely well (r 2 ∼ 1). Also, as T eff changes relatively little on the RGB (at most 7% from the median in this sample of low-luminosity RGB stars), the purely-seismic relations M ∝ ν 3 max ∆ν −4 and R ∝ ν max ∆ν −2 work to fairly high accuracy, differing from grid-based modeling estimates on average only by about 3% and 1%, respectively. Similarly, R ∝ ∆ν −0.7 and R ∝ 1/ √ ν max work to about 4% and 6%. Some of these relations are visualized in Figure 4 . Naturally, these relations are only as good as the estimates to which they are fit. Different assumptions in the stellar models used to make those estimates would yield different scaling relations. 
